In the paper, the concept of operator convexity on the co-ordinates is introduced and some new Hermite-Hadamard type inequalities for operator convex functions on the co-ordinates are established.
Introduction
Throughout this paper, let R = (−∞, ∞) and R 0 = [0, ∞). The following inequality holds for any convex function f defined on R and a, b ∈ R with a < b A formal definition for co-ordinated convex functions may be stated as follows. tλf(x, y) + t(1 − λ)f(x, w) + λ(1 − t)f(z, y) + (1 − t)(1 − λ)f(z, w), holds for all (x, y), (x, w), (z, y), (z, w) ∈ and t, λ ∈ [0, 1].
In [2] , Dragomir also obtained the following inequalities of Hadamard type. The above inequalities are sharp.
Recently, several extensions and generalizations have been considered for classical convexity. A significant generalization of convex functions is that of operator convex functions introduced by Dragomir in [5] .
We review the operator order in B(H) and the continuous functional calculus for a bounded selfadjoint operator. For self-adjoint operators A, B ∈ B(H), we write A B, if Ax, x Bx, x for every vector x ∈ H, we call it the operator order.
Let A be a bounded self-adjoint linear operator on a complex Hilbert space (H; ., . ). The Gelfand map establishes a * -isometrically isomorphism Φ between the set C(Sp(A)) of all continuous complex-valued functions defined on the spectrum of A, denoted Sp(A) and the C * -algebra C * (A) generated by A and the identity operator 1 H on H as follows (see for instance [20, p.3] ). For any f, g ∈ C(Sp(A)) and any α, β ∈ C, we have
(iv) Φ(f 0 ) = 1 H , and Φ(f 1 ) = A, where f 0 (t) = 1 and f 1 (t) = t for t ∈ Sp(A).
With this notation, we define f(A) := Φ(f), ∀f ∈ C(Sp(A)), and we call it the continuous functional calculus for a bounded self-adjoint operator A.
If A is a bounded self-adjoint operator and f is a real-valued continuous function on Sp(A), then f(t) 0 for any t ∈ Sp(A) implies that f(A) 0, i.e., f(A) is a positive operator on H. Moreover, if both f and g are real-valued functions on Sp(A) such that f(t) g(t) for any t ∈ Sp(A), then f(A) f(B) in the operator order in B(H).
A real-valued continuous function f on an interval I ⊆ R is said to be operator convex (operator concave), if the operator inequality
holds in the operator order in B(H), for all λ ∈ [0, 1] and for every bounded self-adjoint operators A and B in B(H) whose spectra are contained in I.
In [5] , Dragomir gave the operator version of the Hermite-Hadamard inequality for operator convex functions. Theorem 1.5. Let f : I ⊆ R → R be an operator convex function on the interval I. Then for any self-adjoint operators A and B with spectra in I, we have the inequality
Some inequalities of Hermite-Hadamard type were also obtained in [1, 3, 4, 6-8, 11-14, 16-19, 21 ] and plenty of references therein.
Motivated by the above results we investigate in this paper operator convex functions on the coordinates and the associated Hermite-Hadamard type inequalities.
Operator convex function on the co-ordinates
Let I 1 , I 2 be real intervals and let f : I 1 × I 2 → R be a Borel measurable and essentially bounded function. Let X = (X 1 , X 2 ) be a 2-tuple of bounded self-adjoint operators on Hilbert spaces H 1 , H 2 such that the spectrum of X i is contained in I i for i = 1, 2. We say that such a 2-tuple is in the domain of f. If
is the spectral decomposition of X i where E i is a bounded positive measure on I i , we define
as a bounded self-adjoint operator on the tensor product H 1 ⊗ H 2 . If the Hilbert spaces are of finite dimension, then the above integrals become finite sums and we may consider the functional calculus for arbitrary real functions. This construction have the property that
whenever f can be separated as a product f(t 1 , t 2 ) = f 1 (t 1 )f 2 (t 2 ) of two functions each depending on only one variable.
With above functional calculus, we say that a function f : I 1 × I 2 → R is said to be operator convex, if f is continuous and the operator inequality
holds for all 2-tuples of self-adjoint operators X = (X 1 , X 2 ) and Y = (Y 1 , Y 2 ) in the domain of f acting on any Hilbert spaces H 1 , H 2 and for all t ∈ [0, 1].
For some fundamental results on operator convex and operator monotone functions of several variables, see [9, 10, 15] and the references therein Now we define the operator convexity on the co-ordinates.
Definition 2.1.
A continuous function f : I 1 × I 2 ⊆ R 2 → R is called operator convex on the co-ordinates, if the partial mapping f X 2 :
are operator convex where defined for all operators X 2 ∈ B(H 2 ) and X 1 ∈ B(H 1 ) whose spectra are contained in I 2 and I 1 , respectively.
The following is a formal definition of the co-ordinated operator convex function.
Definition 2.2.
A continuous function f : I 1 × I 2 ⊆ R 2 → R is said to be operator convex on the coordinates, if the operator inequality The following lemmas hold:
Lemma 2.3. Every operator convex mapping f : I 1 × I 2 ⊆ R 2 → R is operator convex on the co-ordinates, but the converse is not generally true.
Proof. Suppose that f is operator convex mapping on
Then for all t ∈ [0, 1] and operators A, C ∈ B(H 1 ) with spectra in I 1 , one has
where X 2 ∈ B(H 2 ) with spectra in I 2 . It shows the operator convexity of f X 2 .
The fact that f X 1 :
is also operator convex on I 2 for all operators X 1 ∈ B(H 1 ) with spectra in I 1 goes likewise and we shall omit the details. Now we consider the function of two variables f : [0, 1] 2 → R 0 given by f(r 1 , r 2 ) = r 1 × r 2 . It is obvious that f is operator convex on the co-ordinates but is not operator convex on
Thus, for all t ∈ (0, 1), we know
which shows that f is not operator convex on [0, 1] 2 . Lemma 2.3 is thus proved. Proof. Suppose that f is operator convex on the co-ordinates for operators in
It shows that ϕ x,A,B,C,D (t, λ) is convex on the co-ordinates on
Hence f is operator convex on the co-ordinates and the proof of Lemma 2.4 is complete.
Hermite-Hadamard type inequalities for operator convex functions on the co-ordinates
In this section, we obtain some new inequalities of Hermite-Hadamard type for the co-ordinated operator convex functions. Theorem 3.1. Suppose that a continuous function f : I 1 × I 2 ⊆ R 2 → R is operator convex on the co-ordinates for all 2-tuples of self-adjoint operators in the domain of f acting on any Hilbert spaces H 1 , H 2 . Then we have the inequalities
where (A, B), (C, D) ∈ B(H 1 ) × B(H 2 ) with spectra in I 1 × I 2 .
Proof. Since the spectrum of tA + (1 − t)C and λB + (1 − λ)D are contained in the intervals I 1 and I 2 respectively, and f is continuous, the operator valued integrals From the co-ordinated operator convexity of f and the inequality (1.2) it is easy to see that
Integrating this inequality on [0, 1] over λ, we deduce Summing the inequalities (3.2) and (3.3) and dividing by 2, we get the second and the third inequalities in (3.1). Also, by Hermite-Hadamard type inequality (1.2), we observe
which give, by addition, the first inequality in (3.1). Finally, by the same inequality we can also state
which give, by addition, the last inequality in (3.1). The proof thus is complete. 
Proof. Since f, g are operator convex on the co-ordinates, for every t, λ ∈ [0, 1] we drive
Integrating both sides of (3.8) over t, λ ∈ [0, 1], we get the required inequality (3.4), which completes the proof of Theorem 3.2. Proof. Using the co-ordinated operator convexity of f, g, for every t, λ ∈ [0, 1] we can write
We integrate both sides of (3.10) over t, λ ∈ [0, 1] and obtain the required inequality (3.9), which completes the proof of Theorem 3.3. We multiply by one under the other and by one across the other of the above inequality and then we add these inequalities, so we obtain From the same calculation as in (3.10), we may get (3.11). The details are omitted.
